We analyse transport properties of fluid/solid and solid/solid composites containing finite arrays of closely spaced rigid inclusions when a host medium is either an elastic matrix or an incompressible fluid. The appropriate choice of the number of inclusions and the symmetry of a periodicity cell allows us to introduce simple, yet physically relevant models so that effective characteristics of homogenized media can be investigated analytically. For various applied loads and shapes of (polydisperse) inclusions we demonstrate the spatial non-uniformity of geometric configurations corresponding to either lowest dissipation rate (for fluid/solid composites) or to minimal stiffness (for solid/solid composites). In order to find the optimal configurations, we use a unified framework based on asymptotic expansions in terms of inter-inclusion distances. Furthermore, we compare effective transport properties of composite materials containing inclusions with either flat or curved boundaries.
Introduction
In the present work we analyse transport properties of densely packed composites-the structures containing a high volume fraction of rigid inclusions embedded either in an incompressible fluid or in an elastic medium.
The composite materials are usually designed to fit the needs of particular applications. For example, polymer melts containing greater than 50 per cent volume fraction of rigid conducting ceramic inclusions are used in the electronics industry to manufacture integrated circuit packages by either injection moulding or by capillary-action filling of small spaces.
Given the scale of industrial processes impacted by the transport properties of rigid-particle-filled media, significant modelling efforts have been devoted to providing the quantitative predictions of their transport characteristics. Stokesian dynamics (SD) simulations of viscous suspensions that have been developed in the last decade (1) have been particularly successful in properly accounting for the hydrodynamic interactions among particles in the case of small particle Reynolds number. The hydrodynamic interactions can be calculated accurately with SD, even capturing the singular nature of the high-frequency dynamic viscosity (2) as random close packing limit is approached (1) .
Another technique-the boundary-element method was used in (3) to solve Stokes equations for suspensions containing periodic arrays of force-and torque-free rigid particles in a Newtonian fluid. Among other results in (3), the weak dependence of the effective viscosity on shapes of inclusions was established for cubic arrays of spheroids and cubes.
For larger-size particles, suspensions have been modelled as granular materials (the inter-particle medium in this case is usually air and can be ignored) and molecular dynamics (MD) simulations have been used to describe their motion, assuming that interactions between the particles are either elastic or inelastic (4) .
As a rule, numerical computations can be simplified and even analytical estimates can be obtained for complex systems, mathematical models of which involve a small parameter. In the case of suspensions such a small parameter can be either a ratio of a typical size of an inclusion to a typical inter-inclusion distance or vice versa, corresponding to dilute or densely packed suspensions, respectively.
This observation has been used, for example, to predict the effective viscosity of polydisperse binary slurries-suspensions of large particles in a fluid. In (5) a simple model of a slurry was proposed given that the solid content of the slurry is near its threshold value at which the viscosity becomes infinite. Then, at leading order, the effective viscosity is dependent only on the volume fraction of the solid and is independent of particles shapes, inter-particle interactions, etc. Consequently, the effective viscosity can be determined following the computation of the maximum packing ratio of the slurry. The assumptions made in (5) are based on experimental observations and can be justified by absence of a periodicity cell due to the randomness of particle arrangements within the slurry. On the other hand, concentrated viscous suspensions with a defined particle structure are anisotropic viscous fluids (6) and cannot be described in terms of a single parameter. The effects of particle shapes, orientations, and solid volume fraction on the anisotropic viscosities of concentrated colloidal suspensions was studied in (7) using Stokesian dynamics and a fluid lattice model.
The influence of particle-size distributions on the net viscosity of suspensions has been considered by many authors, both experimentally and numerically. It was observed that, in order to maintain reasonable levels of viscosity in concentrated suspensions, blends of particles of two or more different sizes (bimodal and multimodal blends, respectively) have to be used as they yield materials with lower effective viscosity than monodisperse (unimodal) suspensions with the same solid volume fraction (5, 8 to 10). The same result has been obtained for the dynamic viscosity through SD simulations of bimodal hard sphere suspensions (11, 12 ).
Here we focus on systems with very high concentrations of inclusions in either an incompressible fluid or an elastic medium so that distances between inclusions are smaller than a typical size of an inclusion. In such composites, the overall viscosity is controlled by hydrodynamic (elastic) interactions in thin gaps separating inclusions. Consequently, densely packed composites can be modelled as a network of inclusions and 'gaps' using a 'discrete network approximation' (13 to 15), similar in concept to that used to determine various properties (for example, net electrical conductivity) of other high contrast composite materials (16 to 18). For concentrated suspensions with complex geometry, the rigorous mathematical justification and the appropriate error estimates for the effective viscosity in the network approximation were obtained in (13) by constructing matching upper and lower variational bounds on the leading-order effective viscosity term. A singular perturbation analysis of Dirichlet boundary value problems for the Laplace operator and asymptotic estimates for the Dirichlet integral in domains containing different types of thin elastic ligaments was performed in (19) . Some of the ideas developed in these previous works are incorporated into the current paper.
In this work we provide quantitative predictions of the influence of changes in filler or matrix characteristics on important transport properties of rigid-particle-filled fluids in a form that permits analysis without extraordinary computational power. Rather than study the effective properties of composite materials containing a large number of inclusions, we focus on single periodicity cells that contain only a few particles and have geometries simple enough so that composites can be studied analytically without neglecting their essential physical features.
Note that we do not claim that our computations done for a single periodicity cell provide us with the effective properties of the bulk, multi-cell homogenized material. In fact, this claim is generally not true (20, 21) . Rather, our main interest is to study optimal distributions of inclusions within a single cell for a given displacement/velocity field in order to make conjectures about the overall structure of a composite that may lead to recommendations regarding the optimal particlesize distributions.
The essential ingredient of our approach-an accurate mathematical description of the relevant properties of the 'thin gap' component of the networks-can be obtained by considering local asymptotics within the gaps (22 to 24). We use a lubrication-approximation type of asymptotic analysis (25) to determine the behaviour of solutions of both Stokes flow and the elasticity equations within these inter-inclusion regions. We are primarily interested in comparing the dissipation rate integrals and the energy integrals for closely spaced rigid inclusions in incompressible and elastic media, respectively.
In the final analysis, we are able to determine optimal cell configurations having the lowest dissipation rate for fluid/solid composites and the minimal stiffness for solid/solid composites.
The paper is organized as follows. In section 2, we begin with the analysis of a model asymptotic problem associated with a single thin gap between two inclusions. We use a general asymptotic framework that can be applied to both fluids and solids in order to obtain the leading asymptotic approximations of physical fields and the dissipation rate or the energy integrals. Within the same framework, we consider physically appropriate scalings for boundary conditions; this question has not been addressed in the past. Section 2 contains important auxiliary results that are used in the remainder of the paper as a tool for constructing network approximations for densely packed composites. The results of our asymptotic analysis are consistent with those obtained by using the lubrication approximation (24 to 27). Various estimates of effective properties of densely packed composites were obtained in (22, 23, 27 ) by considering local asymptotics in the elastic ligaments between inclusions.
In section 3.1, we study composite structures containing groups of rigid polygonal inclusions with rounded corners embedded in an elastic medium. Here, the evaluation of the energy integral for both tensile (stretching) and shear loads is combined with the analysis of structures that contain inclusions of different shapes and sizes. We present asymptotics for the energy integrals for both types of loading and show that the optimal stiffness configurations are characterized by non-uniform distributions of widths of inter-inclusion ligaments H and h (see Fig. 2 and (3.9), (3.10), (3.19) , (3.20) below). For a given geometry, an optimal width of a ligament depends on the ligament orientation relative to the direction of the load.
The similar structures are investigated in section 3.2, where we consider a steady flow of an incompressible Newtonian fluid through a periodicity cell containing several rigid polygonal inclusions. Since the densely packed composite is an anisotropic medium, we determine the leadingorder behaviour of the dissipation rate integral for two different types of skew-symmetric motions (the symmetric motions do not conserve the amount of fluid within the cell).
Finally, in sections 3.3 and 3.4, we study the distributions of widths of inter-inclusion gaps/ligaments for composite structures containing circular rigid inclusions in an elastic medium and a Newtonian fluid, respectively. Note that a simple cubic packing of seven spherical inclusions in an elongational flow of a Newtonian fluid was considered in (28) . The expression for the effective viscosity obtained in (28) reduces to the one obtained in (24) as the concentration of inclusions approaches its maximum value; however, the issue of optimality of the cubic packing was not addressed in (28).
Properties of a medium confined to a thin gap
In this section we consider problems of incompressible fluid flow and linear elasticity in thin elongated domains representing narrow gaps between inclusions. We derive asymptotic representations of both elastic displacement and velocity fields and obtain asymptotic 'energy' estimates for the elastic energy and the dissipation rate integrals, respectively. These estimates play a pivotal role in section 3 where we discuss optimal configurations of inclusions in periodicity cells of densely packed composite materials.
We are primarily interested in the energy estimates for narrow gaps with either flat or curved boundaries where, without loss of generality, we assume that the curved boundaries are parabolic near the point at which the gap is thinnest (that is, have non-vanishing curvature). Further, we consider the scalings of boundary conditions in terms of the width of the gap that lead to physically meaningful solution fields.
By comparing the leading terms in the energy expansions for both elasticity and fluid flow problems, we show that an energy integral over a narrow gap with the curved boundaries is always significantly smaller than the same quantity over a comparable gap with the flat boundaries. Therefore, in homogenization problems for suspensions containing rigid inclusions, the arrays of inclusions with smooth, curved boundaries will deliver smaller effective viscosity (or smaller effective stiffness) compared to elongated inclusions separated by gaps with the boundaries that are almost flat. Note that our technique can be used to obtain identical comparison results for rounded inclusions with boundaries that are described locally by higher-order polynomials.
Stokes flow through a thin gap
2.1.1 Governing equations. Let be a thin gap (Fig. 1) separating two rigid inclusions with the boundaries + and − . The velocity field u and the pressure field p satisfy the Stokes equations
within , where µ stands for the fluid viscosity. We suppose that the field u satisfies the Dirichlet boundary conditions
where U ± are the (constant) velocities of the rigid inclusions bounded by + and − , respectively. Note that we do not impose any conditions on the vertical part of the boundary of , hence the problem (2.1) to (2.3) admits multiple solutions. In order to select a physically reasonable solution, we impose an additional constraint that the longitudinal component of velocity in the middle of the gap is of order O (1) . As the subsequent asymptotic analysis shows, this data is sufficient to determine the leading asymptotic behavior in for both velocity and pressure. Further, assuming that the domain is symmetric with respect to the y-axis (Fig. 1 ), we will look for solutions u and p of (2.1) to (2.3) that are invariant under the symmetry transformation x → −x.
Given a solution of (2.1) to (2.3), the functional W D = w D dxdy with density 4) determines the rate of dissipation of kinetic energy of the fluid (29) within the gap , where
The goal of this section is to find the leading term in the asymptotics of the dissipation rate integral when the width of the gap separating two inclusions is of order O(δ), where δ > 0 is a small parameter. We will follow the approach that is a version of a standard lubrication theory (25) . We will consider two distinct cases-one when the boundaries ± of the gap are flat and another when both + and − are parabolic.
2.1.2
A gap with flat, parallel boundaries. First, suppose that two inclusions are separated by a thin gap (Fig. 1a) with the flat boundaries 
We set the following boundary conditions:
(2.9)
on ± , where A is a given constant and e (2) is a unit vector in the direction of y-axis.
2 ) and
We non-dimensionalize the velocity vector bȳ
By considering the appropriate non-dimensional scaling of the pressure term, the equations (2.7) to (2.8) can be rewritten in terms of the variables ξ and η to obtain
Further, in non-dimensional variables, the boundary condition (2.9) takes the form u (η, ±1/2) = ±δ e (2) . (2.13) (a) Asymptotic approximations of velocity and pressure. We will seek the asymptotic approximations of the functionsū andp in the form
From (2.12) we have thatū
2 (η) then, taking into account (2.13), we deduce thatū
2 satisfies the equations 
In addition, using (2.13), we havē
Integrating (2.17) with respect to ξ twice and using (2.18) we obtain
1 with respect to η, integrating in ξ in (2.14), and using (2.15) we find that
Substituting (2.20) into (2.15), integrating in η, and using the symmetry ofp (0) we have
Hence, to the lowest order in δ, the components of the velocity field arē
The equation (2.22) shows that the ratio between the vertical and horizontal components of the velocity field is of order O(δ), which is a particular feature of the Stokes flow through the gap defined in (2.6). Since the longitudinal velocity is assumed to be of order O(1) for physical reasons, this explains the choice of normalization in the boundary condition (2.9). (b) Dissipation rate estimate. By integrating the dissipation rate density (2.4) over we have that the dissipation rate integral is given by
From (2.5) and (2.22) we obtain that, to the lowest order,
It follows from (2.24) that leading-order contribution to (2.4) is given by¯ 12 , that is,
We can rewrite this equation in terms of the unscaled velocities U defined in (2.9); then
Note that geometry of the gap enters this expression only through the aspect ratio δ = d/ h. REMARK 2.1. Our analysis can still be applied if we remove the constraint that solutions of the Stokes system are invariant under the transformation x → −x. Asymmetric solutions can be obtained by adding a Poiseuille flow of order O(1) in the direction of the x-axis to the flow (2.22) . Then, at leading order, the pressure term (2.21) can be written as
where 3 is the constant pressure gradient along the x-axis corresponding to the Poiseuille flow. It follows thatū
and
Since the fluxes across the gap at x = ±d/2 are given by
we have that
for the asymmetric flow. This equation takes the form
when expressed in terms of the unscaled velocities U . Note that, from (2.31), the fluxes at the entrance and the exit from the gap satisfy
Next we obtain the asymptotic estimate of the dissipation rate integral in a gap with curved boundaries.
A gap with curved, parabolic boundaries.
Here we consider the case depicted on Fig. 1b . Given two parabolas,
, where κ − , κ + and h are positive constants, we denotē
Observe that h, 1/κ − and 1/κ + all have dimensions of length. Suppose that δ := hκ 1 and let
where α is a small positive number and d is a finite positive quantity. The gap is at its narrowest point when x = 0, where the width of is equal to h and the curvatures of + and − are equal to κ + and κ − , respectively. Set H (x) =κ x 2 + h to be the gap thickness at the point x. We impose the Dirichlet boundary conditions on ± by setting
Again, our goal is to find the leading term in the asymptotics of the dissipation rate integral as δ → 0. One of the results of the asymptotic analysis presented in this section is that the dissipation rate does not depend on α at leading order; this motivates our choice of the domain .
We non-dimensionalize the problem by introducing the following double scaling. Let
and A non-dimensional velocity vector is defined bȳ
then the boundary condition (2.37) takes the form
(a) Asymptotic approximations of the velocity and the pressure fields.
As the subsequent asymptotic analysis shows, the scaling δ 1/2 in the condition (2.42) and the structure of the differential operator in (2.39) imply that the horizontal component of velocity in the middle of the gap
. Then it follows from the Stokes system that the gradient ∇p of nondimensionalized pressurep is of the order O δ −2 . By using (2.39) and balancing the leading terms in the asymptotics of the Stokes equation for the longitudinal component of the velocity field, we conclude thatp = O δ −3/2 . Following this observation, the functionsū andp are sought in the form of asymptotic approximations
whereū (0) ,ū (1) , andp (0) are functions of η and ξ . It follows from the incompressibility condition (2.2) and the boundary conditions (2.42) that
The system (2.44) yieldsū
From the Stokes equation (2.1) we deduce that 
in . It follows from the boundary condition in (2.45) that 
hence, using (2.40), the leading contribution to the dissipation rate density is given bȳ
It follows that Note that the dissipation rate W D depends on the average curvature κ and the width of the gap at x = 0 while it is independent of κ + − κ − and d. It has been shown here that, when two rigid inclusions move either toward or apart from each other with a small velocity v so that the horizontal component of velocity in the middle of the gap is of order O(1), the dissipation rate integral is estimated to be of order O(δ −1 ) when v is of order O(δ) for thin gaps with flat boundaries, and it is estimated to be of order O(δ −1/2 ) when v is of order O(δ 1/2 ) for thin gaps with curved boundaries. The dimensionless small parameter δ is defined either as the aspect ratio of a gap (when the gap has flat, parallel boundaries), or as the product of the gap width at its narrowest point and the average curvature of the two gap boundaries measured at the same point (when the gap has curved boundaries).
The equations (2.26), (2.59), and the scalings of boundary conditions show that the effective viscosity is larger when inclusions have flat boundaries of contact compared to the case when the boundaries of contact are rounded. Further, for curved gaps, the leading-order asymptotic approximation of the dissipation rate integral depends on curvature of the gap boundaries near the point where the gap is narrowest and it does not depend on geometry of remote parts of the boundary.
Next we study a similar class of problems for an elastic medium containing rigid inclusions and draw a comparison with the study of Newtonian fluids given above.
A thin elastic ligament separating two rigid inclusions
2.2.1 Governing equations. Suppose now that two rigid inclusions on Fig. 1 are separated by a thin elastic ligament (we will use the word 'ligament' throughout the rest of the paper to distinguish a gap filled with an elastic medium from a gap filled with a Newtonian fluid).
Then the displacement field u satisfies the Navier system
within , where µ and λ are Lamé constants. We seek solutions that have displacement components within comparable to the width of the ligament and satisfying Dirichlet boundary conditions on ± (see (2.62) or (2.68) below). The elastic energy of the medium W E = w E dxdy has the energy density
where the summation is taken over the repeated indexes. The components of the strain and the stress tensors are given by
and σ i j = 2µ i j + λδ i j tr , respectively. Here tr = 11 + 22 is the trace of and δ i j is Kronecker's delta.
2.2.2
An elastic ligament with flat, parallel boundaries. Suppose again that two inclusions are separated by a thin ligament (Fig. 1a) with the flat boundaries as defined in (2.6) and let δ = h/d be a small non-dimensional parameter. We will assume that each inclusion undergoes a combination of a rigid displacement and a rotation with respect to the origin
where A ± and B ± are constants. Then the boundary conditions on ± are
Here the scalings for U ± are chosen so that the total boundary displacements are of order O(h) when A ± and B ± are of order O(1).
(a) Asymptotic approximation of the displacement vector. In order to find the leading term in the solution of (2.60) we can proceed by using the same kind of asymptotic analysis as in section 2.1.2. However, for the ligament geometry on Fig. 1a and the boundary conditions (2.62) one can easily find an exact solution by assuming that
By substituting this ansatz into (2.60), using (2.62), rescaling
and denotingū
where (η , ξ ) ∈ − 
hence the energy density (2.61) is
At the same time, at the lowest order,
We conclude that
When B ± = 0, this equation takes the form
where U ± are unscaled displacements defined in (2.62). Note that geometry of the ligament enters the last expression for the energy W E only through the aspect ratio δ = h/d.
An elastic ligament with curved, parabolic boundaries.
Here, once again, we consider the case depicted on Fig. 1b where the ligament can be asymmetric with respect to the x-axis. In particular, we assume that is defined by (2.36) and that the parameters/functions H , h, δ, κ ± ,κ, κ,k, k and the variables ξ and η all have the same meaning as in section 2.1.3. Our calculations are based on the same idea as the lubrication approximation in Stokes flow. In elasticity problems, the 'lubrication-type' analysis for a pair of circular inclusions in two dimensions was considered in (22) . Similar three-dimensional asymptotics were presented in (23, 27) . (a) Asymptotic approximation of the displacement vector. We impose the Dirichlet boundary conditions on ± by setting u| ± = ±Ah =: ±U.
(2.68)
be a dimensionless displacement vector written in terms of non-dimensional coordinates η and ξ and consider the asymptotic approximations of the functionū in the form
whereū (0) andū (1) are functions of η and ξ . Here, the δ 1/2 dependence is due to (2.39) and can be justified by the asymptotic analysis of the structure of the Navier operator. By substituting (2.69) into the equation (2.60) and collecting the terms of orders δ −2 and δ −3/2 , we obtain correspondingly
From the boundary condition (2.68) we havē
Then, using (2.70) and (2.72), we obtain that
Substituting (2.73) into (2.71) and using (2.72) we find thatū (1) satisfies 
hence the energy density is
At the same time, to the lowest order,
We conclude thatw
when δ is small. This expression can be written as
where U is as defined in (2.68). Note that, at leading order, the energy of the ligament is independent of the factor κ characterizing the vertical asymmetry and the parameter d characterizing the extent of the region of integration in the direction of the x-axis. Thus, when two rigid inclusions are moved either toward or apart from each other with a displacement of order O(h), the energy integral is estimated to be of order O(δ) for thin ligaments with flat boundaries, and of order O(δ 3/2 ) for the ligaments of variable thickness. The small geometric parameter δ has the same, geometry-dependent meaning as in section 2.1.
Similar to the conclusions of section 2.1, we observe that the effective stiffness is larger when inclusions have flat boundaries of contact compared to the case when these boundaries are curved. Further, for curved ligaments, the leading-order asymptotic approximation of the energy integral depends on the local curvature of the thin gap at the point of contact and it does not depend on geometry of remote parts of the boundary. REMARK 2.2. Since both Navier and Stokes systems are linear and no lateral conditions are imposed at either end of a gap, when expressed as functions of unscaled boundary velocities/displacements, the leading terms in the energy/dissipation rate integrals have the same form, irrespectively of magnitudes of the boundary conditions. On the other hand, the solutions are meaningful only when the values of the boundary data fall within specific, problem-dependent ranges. In this section, we have estimated the values of the energy and the dissipation rate integrals for these, physically significant cases.
Optimal configurations of finite arrays of inclusions
Since the effective properties of densely packed composites are controlled by interactions in thin inter-inclusion gaps, we use the results of the previous section to determine optimal geometric characteristics of finite arrays of rigid inclusions. Assuming that the total area of the inter-inclusion medium in an (undeformed) reference configuration is fixed, a distribution of inclusions in a periodicity cell is optimal if it has the lowest dissipation rate when the inclusions are embedded in a Newtonian fluid or if it has the minimal stiffness when the inclusions are embedded in an elastic medium.
We consider two types of inclusions-polygonal inclusions with rounded corners (Fig. 2a ) and circular inclusions (Fig. 6a) -in a rectangular periodicity cell. We suppose that characteristic sizes of inclusions (side lengths, radii, etc.) are of order O(1) then, due to dense packing, a small parameter associated with each gap is the width of the gap itself. For inclusions embedded in an elastic medium, we apply either symmetric or skew-symmetric boundary conditions and determine optimal structures that minimize the energy integral while for polygonal inclusions embedded in a Newtonian fluid we apply two different types of skew-symmetric motion and determine optimal structures that minimize the dissipation rate integral.
Rectangular cell-elastic medium with polygonal inclusions
We consider different loads on a typical rectangular cell containing polygonal inclusions with rounded corners. Suppose that a cell is symmetric with respect to both horizontal and vertical axes and is composed of five rigid inclusions embedded in an elastic medium as shown on Fig. 2a . The precise dimensions of (a quarter of) the cell are shown on Fig. 3 . We assume that the exterior inclusions have the same prescribed shape. The widths of all ligaments and the size of the interior inclusion can vary subject to the constraint that the area of the elastic medium within the reference configuration is fixed. Then the parameters R, L 1 , L 2 , r 1 , r 2 are fixed, where 
and the corner radii of the interior inclusion are
We assume that, among all (undeformed) configurations satisfying a given area constraint, we can find a configuration where the interior inclusion touches all exterior inclusions and label the widths of exterior ligaments in this configuration according to Fig. 2b . Then the area constraint can be written as
We suppose that the widths of the inter-inclusion ligaments are sufficiently small so that the 'lubrication-type' asymptotic analysis of the previous sections can be applied. In particular, we assume that the quantities R, L i , and r i are of order O(1) while H 0 i , H i , and h are of order o(1), where i = 1, 2. Then, at leading order, the constraint (3.1) has the form
where
are parameters dependent on the geometry of the exterior inclusions. Our goal is to determine the widths of ligaments and the size of the interior inclusion that minimize the elastic energy of the medium. That is, we seek the distribution of inter-inclusion spacings endowing the composite material with the minimal possible stiffness. REMARK 3.1. In a given cell, a translation and/or a rotation of a single inclusion defines boundary displacements for up to four different ligaments. In section 2, we made a physically reasonable assumption that the displacements on the boundary of a ligament are of order of the ligament thickness. For each shape of the ligament, we obtained two different expressions for the elastic energy-one in terms of the displacements rescaled by the ligament thickness and the other in terms of the unscaled displacements. Since we need to minimize the total elastic energy in eight ligaments of (generally) different widths, in this section we use equations for the elastic energy in terms of unscaled displacements. However, we still assume that the displacements of inclusions in optimal configurations are comparable to widths of ligaments; this condition can always be enforced due to the linearity of the problem. Fig. 4a . Note that there is no strain inside the vertical ligaments for this type of load. Since the energy W E depends on a negative power of the width of a ligament (2.67), the strained ligaments have to be as wide as possible in an energy-minimizing configuration. Hence, given the area constraint, we can set H 2 = 0 at leading order in such a configuration.
Using (3.2), we obtain
where the parameter D characterizes the total area of the elastic medium.
(a) Energy estimate. Due to symmetry of the cell and the load, both the displacement and the rotation of the inclusion at the centre of the cell are zero. Assume that 1. the local coordinates (x i , y i ) for the ith interior ligament are chosen so that the origin is at the centre of the flat part of the ligament with the x-axis pointing along the ligament in a clockwise direction relative to the centre of the cell and the y-axis pointing away from the centre of the cell; 2. the local coordinates (x i , y i ) for the ith exterior ligament are chosen so that the origin is at the centre of the flat part of the ligament with the x-axis pointing along the ligament away from the centre of the cell and the y-axis pointing in a counterclockwise direction relative to the centre of the cell.
Then the equivalent boundary displacements are
3 ,
Here, we refer to 'equivalent boundary displacements' in a sense that we can add an arbitrary constant to the displacement field in a given ligament without changing the elastic energy. Both here and below this is done in order to write the boundary conditions in a symmetric form necessary to apply the results of section 2.2. Using the formula for the energy of a gap with the flat boundaries (2.67), we obtain
where W i E is the elastic energy of the ith ligament. By (3.3), the total energy is
Optimal spacings between inclusions. We seek the minimum of the total energy W E of the elastic medium relative to the width 2H 1 of the ligaments 1 and 3. Note that the width h is uniquely determined when H 1 and the total area of the elastic medium characterized by the parameter D are known.
Taking the derivative of W E in (3.5) with respect to H 1 , we find that the critical points of W E have to satisfy
Since the point of the minimum has to lie within the interval [0, D/γ 1 ] we conclude that the minimum of W is realized when
Using the alternative form of the Hooke's law, we introduce the parameters
In terms of ν and E, we have
It follows from (3.3) that the width h of the interior ligaments 5 to 8 is given by 10) and from (3.5) and (3.3) that the minimum total elastic energy is
3.1.2 Pure shear in the exterior ligaments. Suppose that the cell is loaded so that the four exterior inclusions undergo the displacements of a fixed magnitude A = |A| = |B| as shown on Fig. 4b . In order to exploit the symmetry of this load, we make additional assumptions on the geometry of the exterior inclusions by setting
Then, by the symmetry of the cell, we have 13) and (3.2) can be written as
14)
(a) Energy estimate. Due to symmetry of the cell and the load, both the displacement and the rotation of the interior inclusion are zero. Assume that the local coordinates (x i , y i ) for the ith ligament are chosen in the same way as in the previous section. Then the corresponding boundary displacements are
(3.15)
Using the formula for the energy of a gap with flat boundaries (2.67), we obtain
where W i E is the elastic energy of the ith ligament. Therefore, by (3.14),
(b) Optimal spacings between inclusions. We seek the minimum of the total energy of the elastic medium within the cell relative to the width 2H of the ligaments 1 to 4. Taking the derivative of W E in (3.17) with respect to H , we find that the critical points for W E have to satisfy
Since the point of the minimum has to lie within the interval 0 , 2H 0 we conclude that the minimum of W E is realized when
Using the parameters ν and E introduced in (3.7), we have
It follows from (3.14) that the width of the interior ligaments 5 to 8 is given by 20) and from (3.17) and (3.14) that the minimum total elastic energy is
Rectangular cell-incompressible fluid with polygonal inclusions
Here we consider the same situation (Fig. 2a) as in section 3.1, except that we replace the elastic medium in the inter-inclusion region by an incompressible fluid. We still suppose that the widths of the inter-inclusion gaps are small so that the asymptotic analysis of section 2 can be applied. Assuming that the total fluid area in a reference periodicity cell configuration is fixed, we seek to determine the sizes of the gaps that minimize the dissipation rate integral and, therefore, the viscosity of the fluid. Unless specified otherwise, we use the same assumptions on parameters of the problem as in section 3.
1. An important distinction between the elasticity and fluid flow problems considered in this paper is that, unlike the displacement field, the velocity field has to satisfy the incompressibility constraint. As a consequence, for the general motion of inclusions, there is a non-zero total fluid flux through the exterior boundary of the periodicity cell. To simplify the computations, we restrict the analysis to skew-symmetric motions of exterior inclusions for which the total flux through the boundary of the cell vanishes. For these types of motion, the minimum of the dissipation rate integral clearly is achieved when there is no exchange of fluid between the cell and its exterior. Note, however, that our technique can easily handle cases when such an exchange is present.
Since a densely packed fluid/solid composite is an anisotropic Newtonian fluid, both optimal viscosity and optimal configurations are dependent on the type of motion, as is demonstrated in the subsequent analysis.
Skew-symmetric motion in the exterior gaps.
Suppose that the four exterior inclusions move with velocities of a fixed magnitude A = |A| = |B| as shown in Fig. 5a . Suppose that the symmetry assumptions (3.12) on the geometry of the exterior inclusions hold then, at leading order, the constraint on the total area of the fluid within the cell is given by (3.14) .
Assume that the local coordinates (x i , y i ) for the ith gap are chosen in the same way as in section 3.1. Then the equivalent boundary displacements are
i , i = 5, . . . , 8. Since the net flux into any of the triple junctions of gaps has to be zero, we use symmetry of the cell to obtain 
Therefore, by (3.14) 
Since the point of the minimum has to lie within the interval [0 , H 0 ] we conclude that the minimum of W D is realized when the width of the exterior gaps is
.
It follows from (3.14) that the width of the interior gaps is given by 27) and the minimum value of the dissipation rate integral is
Suppose now that the four exterior inclusions move with the velocities having a fixed magnitude A = |A| = |B| as shown in Fig. 5b . We assume that the total area of the gaps is fixed and impose the same symmetry conditions on the geometry of the cell as in section 3.1.2
Since the velocity in the exterior gaps is driven by the pure shear on the boundary, the energy is concentrated within the interior gaps that undergo the pure stretching. Then, by the symmetry of the problem and since there is an inverse relationship between the energy of a single gap and the gap thickness, it follows that the minimum of the energy is achieved when (3.20) . Then, at leading order, the optimal distribution of inter-inclusion spacings in the solid/solid model approaches the distribution (3.29) of inter-inclusion spacings in the corresponding solid/liquid model. 
Rectangular cell-elastic medium with round inclusions
Next we consider rectangular cells under loads similar to the ones considered in section 3.1, except that here we assume that all inclusions are circular in shape. Suppose that a cell is composed of five rigid inclusions embedded in an elastic medium. We suppose that the radii of the exterior inclusions are equal to R, where both R and the total area S of the elastic medium within the cell are fixed. We allow for the radius of the interior inclusion and the width of the inter-inclusion ligaments to vary, subject to the conditions that the width of the ligaments is small relative to the radii of the inclusions and that the cell is symmetric with respect to both vertical and horizontal mid-axes (Fig. 6a) .
Consider all admissible configurations that are rectangular in shape. Then, in order to satisfy the constraint on the total area of the elastic medium, the dependence between the size of the cell and the radius of the interior inclusion is monotone. Since the width of the elastic ligaments is small, among the rectangular configurations there is a 'maximal', square configuration in which the interior inclusion touches the exterior inclusions (the existence of such configuration follows from the simple geometric analysis); we label the dimensions of the corresponding cell as shown on Fig. 6b .
Since the area of the elastic medium within the cell is fixed, we have from Fig. 6 that
Since h/R , H i /R 1, where i = 0, 1, 2, by expanding (3.31) in terms of these small parameters and solving for h we obtain that, at leading order, Then it follows from non-negativity of h that H 1 + H 2 2H 0 . Note also that, at leading order, the radius of the interior inclusion is given by r ∼ ( √ 2 − 1)R. As the measure of polydispersity we can use r/R ∼ √ 2 − 1. Due to dense packing of inclusions, this quantity remains constant at leading order in our calculations.
Next, we determine the sizes of ligaments that minimize the elastic energy of the medium subject to the same kinds of loads that were considered in sections 3.1 and 3.2.
3.3.1 Pure stretching in the exterior ligaments. Suppose that the cell is loaded so that the four exterior inclusions undergo the displacements of a fixed magnitude A = |A| as shown on Fig. 7a .
Due to the symmetry of the cell and the load, both the displacement and the rotation of the interior inclusion at the centre of the cell are zero. Assume that 1. the local coordinates (x i , y i ) for the ith interior ligament are chosen relative to the centre of the ligament with the x i -axis pointing along the ligament in a clockwise direction relative to the centre of the cell and the y i -axis pointing away from the centre of the cell; 2. the local coordinates (x i , y i ) for the ith exterior ligament are chosen relative to the centre of the ligament with the x i -axis pointing along the ligament away from the centre of the cell and the y i -axis pointing in a counterclockwise direction relative to the centre of the cell.
Suppose now that δ 1 and that a circle x 2 + (y − ρ − δ/2) 2 = ρ 2 is given. By expanding in δ for y ∼ δ and then solving for y we have y ∼ x 2 /ρ + δ /2. We conclude that the coefficientκ in (2.35) is equal to 1/R for the exterior ligaments whileκ = 1/( √ 2( √ 2 − 1)R) for the interior ligaments.
By indexing the ligaments on Fig. 6 in the same way as on Fig. 2a , the equivalent boundary displacements (at leading order) are given by
(a) Energy estimate. Since the energy of the elastic medium is concentrated within the elastic ligaments between inclusions, we use the equations (2.76), (3.32), (3.34) and the expressions forκ to obtain
We conclude that, at the minimum of the energy, H 2 = 0 (cf. section 3.1).
(b) Optimal spacings between inclusions. By taking the derivative of the energy with respect to H 1 and using (3.32) we find that, at leading order, the minimum of the energy W E is at
3.4.1 Skew-symmetric motion in the exterior gaps. Suppose that the four exterior inclusions move with the velocities having a fixed magnitude A = |A| = |B| as shown in Fig. 7b . Since the velocity in the exterior gaps is driven by the pure shear on the boundary, the energy is concentrated within the interior gaps that undergo the pure stretching. Then, by the symmetry of the problem and since there is an inverse relationship between the dissipation rate integral of a single gap and the gap thickness, it follows that the minimum of the dissipation rate integral is achieved when Note that, similar to Remark 3.2 for polygonal inclusions, the optimal distribution of inter-inclusion spacings in the solid/solid cell with round inclusions undergoing shear loading approaches (at leading order) the optimal distribution of inter-inclusion spacings in the solid/liquid model as ν → 1 2 .
Concluding remarks
The main issue addressed in this paper is to find optimal spacings between inclusions that optimize either the dissipation rate or the total elastic energy of a composite material with a fixed volume fraction of inclusions. We introduce simple models consisting of finite arrays of (polydisperse) inclusions embedded either in a Newtonian fluid or an elastic medium and undergoing either tensile or shear external loadings. Both the number of inclusions and the symmetry of a cell are chosen so that the amount of technical calculations is minimal and the dependence of the energy or the dissipation rate on the cell geometry can be investigated analytically. Despite the simplicity of our models, they capture the essential physical features of densely packed composites. We have shown for both solid/solid and solid/liquid composites that the optimal spacings between inclusions are non-uniformly distributed throughout the cell. In particular, the width of interinclusion gaps depends on their orientation relative to the direction of the load for tensile and shear loading and for flat and curved boundaries of inclusions. Further, the distribution of widths in a stiffness-minimizing configuration generally retains the symmetry of the load.
We compared solid/solid models in the incompressible limit (ν → 1 2 ) to incompressible fluid models. For shear loading, at leading order the optimal distributions of inter-inclusion spacings for the solid/solid models converge as ν → 1 2 to the optimal distributions of inter-inclusion spacings for the corresponding solid/liquid models.
Our analysis is a version of the lubrication approximation and enables us to derive explicit asymptotic formulae for the elastic energy and the dissipation rate integrals respectively for solid/solid and solid/fluid composites containing densely packed rigid inclusions. Although lubrication approximation is a very popular technical tool that has been applied to a large class of problems, in our model we came across the issue of scaling of boundary conditions. As far as we know, this particular aspect of the lubrication approximation has not been studied in the past.
Since the problems for both fluids and solids in a thin gap are linear, by δ γ -scaling of the boundary conditions with δ being small and γ being finite, one can obtain any asymptotic behaviour of the dissipation rate or the energy integral. Thus, it is important to make a proper choice, which corresponds to the physics of the problem.
For fluids, we choose the scaling parameter γ from the physical assumption that the longitudinal component of velocity is finite within the gap. This implies that the velocity at the boundaries of the gap should be scaled as O(δ) and O(δ 1/2 ) when the boundaries are flat and curved, respectively. In the former case, the dissipation rate integral is of order O(δ −1 ) while in the latter case it is of order O(δ −1/2 ).
For elastic solids, the displacements on the boundaries of a thin ligament are assumed to be of the same order O(δ) as the ligament thickness (when the length of the ligament is of order O(1) ). This, in turn, implies that the energy integral is of order O(δ) and O(δ 3/2 ) for the ligaments with flat and curved boundaries, respectively.
It follows from our analysis that the ratio between the values of the dissipation rate integral when the boundaries are curved and when they are flat is the same as the similar ratio between the analogous energy integrals for a thin elastic ligament. We showed that this ratio is of order O(δ 1/2 ) for the choices of boundary conditions scalings described above. Since the same ratio is still valid for aggregates of inclusions, a densely packed composite containing spherical inclusions always has lower viscosity/stiffness than a densely packed composite containing the same volume fraction of polygonal inclusions.
Finally, for the rectangular cells considered in this paper, the geometry of each cell with polygonal inclusions can be reduced to the geometry of the cell with circular inclusions by considering the appropriate limits of parameters of exterior inclusions (for example, by letting r 1 , r 2 → R and L 1 , L 2 → 0 in Fig. 3 ). However, neither the optimal configurations nor the minimum values of the elastic energy/dissipation rate integrals for cells with polygonal inclusions converge to their counterparts for cells with round inclusions. There is a clear mathematical reason for this discrepancy-the limits in terms of distinct geometric parameters characterizing the shape and distance between inclusions do not necessarily commute-our lubrication theory results have to fail when a bridge separating two inclusions has an 'intermediate' geometry. Further, this observation demonstrates that transport properties of densely packed composites are determined by the shapes of the boundaries of inclusions near the point of their closest approach.
